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1 Abstract
This study aims to investigate the theoretical framework of Finsler metrics with the follow-
ing objectives.

1. Chapter 1 presents the theoretical and historical foundation of the thesis, tracing
the development of Finsler geometry as a generalization of Riemannian geometry. It
covers the transition from isotropic to anisotropic spaces, the Finsler metric function
F(x,y), fundamental definitions, and key Finsler metric types, along with a literature
survey, applications, and future research directions.

2. Chapter 2 investigates projective changes between specific (α,β )-metrics. We es-
tablish necessary and sufficient conditions for projective transformations between a
special cubic metric F = (α+β )3

α2 and a Kropina metric F̃ = α̃2

β̃
, and similarly between

the square root metric F =
√

α(α +β ) and a Kropina metric. Foundational condi-
tions for projective relatedness are derived, along with requirements for isotropic
S-curvature and isotropic Berwald curvature.

3. Chapter 3 introduces a new Finsler metric, the exponential (α,β )-metric F =αe
β

α +

βe
−β

α , and examines its geometric structure. We derive necessary and sufficient con-
ditions for this metric to define a Berwald space and a Douglas space. Additionally,
special cases are analyzed to determine conditions under which the metric reduces
to a weakly Berwald space.

4. Chapter 4 explores the curvature properties of two Finslerian structures: the cubic
metric and the generalized Matsumoto metric. We investigate locally projectively
flat structures under constant Ricci curvature, and determine conditions under which
these metrics admit vanishing flag curvature (K = 0).

5. Chapter 5 investigates locally dually flat and projectively flat properties of cubic
and exponential (α,β )-metrics under isotropic S-curvature. We derive necessary and
sufficient conditions for these metrics to exhibit dual flatness and provide mathemat-
ical proofs for conditions under which they reduce to locally Minkowskian spaces.
These results contribute to the classification of special (α,β )-metrics and their cur-
vature invariants.

6. Chapter 6 presents a broader class of Finsler metrics extending beyond the tradi-
tional (α,β )-framework, constructed using a Riemannian metric alongside two dif-
ferential 1-forms, β = bi(x)yi and γ = di(x)yi. We derive the spray coefficients and
Cartan connection to elucidate the internal geometry of these structures. Necessary
and sufficient conditions for projective correspondences are established, yielding
several novel Douglas metrics. This work extends Finsler geometry into multiformal
manifolds, offering new tools for the study of geodesic-preserving transformations.

7. Chapter 7 investigates the S-curvature and Mean Berwald curvature for a class of
homogeneous exponential (α,β )-metrics. Exploiting the fact that the curvature of
homogeneous spaces is governed by the algebraic structure of the underlying Lie
algebra, we derive an explicit analytical formula quantifying the rate of distortion
change along geodesics. These results are further utilized to provide a complete
characterization of the Mean Berwald curvature.

8. Chapter 8 investigates the framework of R-complex Finsler spaces, a generaliza-
tion of complex Finsler geometry with scalar constraints restricted to the real field
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λ ∈ R. We derive the fundamental metric tensors, their determinants, and inverses
for a specialized cubic-type metric within this framework. Necessary criteria for
these metrics to exhibit non-Hermitian characteristics are established, identifying
where standard complex symmetries break down. Specific Riemannian examples of
Hermitian cubic structures are provided, offering a complete analytical profile of the
interplay between complex structures and cubic-type deformations.

9. Chapter 9 introduces a new category of Finsler metrics arising from a Kropina-
Randers type modification, constructed using a Riemannian metric ρ =

√
ai j(x)yiy j

combined with two differential 1-forms, β = bi(x)yi and η = ηi(x)yi. This construc-
tion generates a broader family generalizing the traditional (ρ,β )-metric framework.
We analyze the geometric properties of this class and derive necessary and sufficient
conditions for local projective flatness, along with explicit criteria for these metrics
to be of the Douglas type. These results deepen the understanding of projective ge-
ometry in Finsler spaces.

10. The final chapter synthesizes the key findings of the thesis, summarizing the progress
made in exploring the differential geometry of Finsler spaces characterized by novel
metrics. It highlights the significance of the newly introduced metric classes and
their geometric properties, and reflects on the implications of the projective trans-
formations, curvature conditions, and metric classifications established throughout
this work. The chapter concludes by identifying promising directions for future re-
search, proposing potential extensions and applications that broaden the scope of
Finsler geometry in both theoretical and practical domains.

2 State of the Art

In ancient times, the field of mathematics was primarily categorized into two core disci-
plines: geometry and the study of numbers. Geometry is a discipline of mathematics that
studies the mathematical description, classification, and relationships between shapes. At
its essence, geometry defines the relationships between two points. Conversely, differential
geometry utilizes differential calculus and integral calculus as methods to explore geomet-
ric issues.

The conceptual origins of Finsler geometry trace back to Bernhard Riemann’s land-
mark lecture of 1854, in which he laid the foundations of modern differential geometry
and acknowledged the possibility of a more general metric structure beyond the quadratic
Riemannian case. It was not until 1918 that Paul Finsler revived this generalized frame-
work through his doctoral dissertation under the supervision of Carathéodory, thereby es-
tablishing the field now known as Finsler geometry. The term Finsler space was formally
introduced by J. H. Taylor in 1928. In 1934, Élie Cartan strengthened the theoretical foun-
dations by introducing an axiomatic system that uniquely determined a Finsler connection
from the fundamental function cartan1934, and later, Shiing-Shen Chern, together with
David Bao and Zhongmin Shen, established the modern framework of the subject, which
remains the standard reference for researchers worldwide.

In recent years, the field has expanded significantly beyond pure mathematics, finding
important applications in general relativity, Finsler gravity, gravitational wave theory, cos-
mology, and mathematical biology. Researchers today continue to explore open problems
in the classification of Finsler metrics, comparison theorems, and the geometric analysis
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on Finsler manifolds, confirming that Finsler geometry remains one of the most active and
promising frontiers in modern differential geometry.

2.1 Finsler Space
Definition 1 A Finsler metric on M is a function F : T M → [0,∞) with the following prop-
erties:

1. F is smooth on T M0,

2. F is positively 1-homogeneous on the fibers of the tangent bundle T M and

3. The Hessian of
F2

2
with element gi j =

1
2

∂ 2F2

∂yi∂y j is positive definite on T M0.

The pair Fn = (M,F) is called a Finsler space of dimension n. F is called the fundamental
function, and gi j is called the fundamental tensor of the Finsler space Fn.

2.2 Special Finsler Metrics
1. Randers metric

In 1854, B. Riemann sought to explore metrics in their general forms and introduced
the concept of curvature for a specific category of metrics known as Riemann metrics
[5]. The Randers metric was first presented in 1941 by Norwegian physicist Randers
[13] while he was engaged in research on general relativity. Randers metrics are es-
sential and intrinsic Finsler metrics that are defined as the combination of a Riemann
metric and a 1-form. The Randers metric exemplifies the most straightforward case
of a non-Riemannian Finsler metric on a smooth manifold M, created using a Rie-
mannian metric along with a 1-form defined by

F = α +β ,

where α(x,y) =
√

ai j(x)yiy j is a Riemannian metric and β (x,y) = bi(x)yi is a 1-form
such that ||β ||< 1.

2. Kropina metric
Kropina metrics were first introduced by L. Berwald in relation to a two-dimensional
Finsler space featuring rectilinear extremals, and they were studied by V. K. Kropina
[7]. In 1973, Hashiguchi and colleagues investigated two-dimensional Landsberg
metrics and referred to them as the Kropina metrics. The Kropina metric is charac-
terized as follows:

F =
α2

β
.

Subsequently, the Kropina metric is extended to a more general metric known as
the generalized Kropina metric. A Finsler metric is referred to as a generalized m-
Kropina metric when it is expressed in the form

F =
αm+1

β m (m ̸= 0,−1),

5



where α(x,y) =
√

ai j(x)yiy j is a Riemannian metric and β (x,y) = bi(x)yi is a 1-form
metric.

3. Matsumoto-metric
Matsumoto established a precise model of a Finsler surface in 1989 and introduced
a particular type of Finsler metric, as illustrated by:

F =
α2

α −β
. (1)

Furthermore, several researchers have investigated a generalized Matsumoto metric,
defined as:

F =
αm+1

(α −β )m (2)

where m is an integer ̸= 0,1,−1. This generalized form extends the classical Mat-
sumoto metric by introducing a parameter m, thereby enabling the consideration of a
more expansive range of geometric structures and curvature behaviors. It facilitates
the exploration of how the interaction between the Riemannian metric α and the 1-
form β influences the properties of Finsler spaces.

4. (α,β )-metric
(α,β )-Finsler metrics represent a specific category of Finsler metrics that originate
from a Riemannian metric α and a 1-form β . These metrics are suitable for charac-
terizing anisotropic spaces where behaviors that depend on direction are important,
owing to their added flexibility compared to Riemannian metrics. An (α,β )-metric
on a connected smooth n-manifold M is a Finsler metric and can be represented as

F = αφ(s); s =
β

α
.

5. Cubic (α,β )-metric
A generalized form of an (α,β )-metric on an n-dimensional manifold M defined as

F = α

(
1+

β

α

)p

, (3)

is known as the class p-power (α,β )-metrics [19], where p ̸= 0 is a real constant.
In the present work, we consider p = 3 in equation (3) and obtain a special class of
(α,β )-metric in the form of

F =
(α +β )3

α2 , (4)

and referred as a cubic (α,β )-metric in an n-dimensional manifold M, and an n-
dimensional Finsler space Fn equipped with a cubic (α,β )-metric is known as a
Finsler space with a cubic (α,β )-metric [18].
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6. Exponential (α,β )-metric
In the present investigation, we explore a special type of Finsler exponential (α,β )-
metric. We explore the fundamental characteristics of Finsler space associated with
this metric.

The exponential (α,β )-metric can be expressed as follows:

F = αe
β

α +βe
−β

α . (5)

7. (ρ,β ,η)-metrics
The present investigation is devoted to the study of a Kropina–Randers change within
the framework of (ρ,β ,η)-metrics in Finsler geometry, motivated by the rich geo-
metric implications of Randers-type deformations and their capacity to generate new
Finsler structures from known ones. The Kropina–Randers change of a Finsler met-
ric F is defined as follows:

F̄ = F +η ,

where F =
ρ2

β
is the classical Kropina metric, ρ =

√
ai j(x)yiy j is a Riemannian

metric arising from the symmetric positive definite tensor ai j(x), and β = bi(x)yi,
η = ηi(x)yi are two linearly independent differential 1-forms on an n-dimensional
smooth manifold M. Consequently, the resulting changed metric assumes the explicit

form F̄ =
ρ2

β
+η , which belongs to the general class of (ρ,β ,η)-metrics.

3 Definition of the Problem
Finsler geometry, as a natural generalization of Riemannian geometry, provides a rich and
flexible framework for studying geometric structures that go beyond the classical quadratic
restriction. A particularly important class of Finsler metrics is the (α,β )-metrics, which
depend on a Riemannian metric α and a differential 1-form β . Despite significant progress
in the theory of such metrics, several fundamental problems concerning their curvature
properties, projective and conformal transformations, and classification remain open and
incompletely understood.

Despite the extensive literature on (α,β )-metrics, the geometric behavior of several
important special metrics under projective changes are not yet completely understood. For
metrics such as the cubic metric, the square root metric, the exponential (α,β )-metric,
and the generalized Matsumoto metric, questions regarding projective flatness, vanishing
of flag curvature K = 0, isotropic S-curvature and classification as Berwald or Douglas
spaces have only been partially addressed in the existing literature. A systematic and uni-
fied treatment of these problems, covering both classical and newly introduced metrics, is
therefore needed.

Beyond the classical (α,β )-framework, there is a growing need to investigate more
general metric structures involving two or more differential 1-forms. Metrics depending
on a Riemannian metric α together with 1-forms β = bi(x)yi and γ = di(x)yi, as well as
Kropina–Randers type metrics constructed from ρ =

√
ai j(x)yiy j with 1-forms β = bi(x)yi

and η = ηi(x)yi, present new geometric challenges. In particular, deriving their spray co-
efficients, Cartan connections, and conditions for projective correspondence and Douglas
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type classification require new analytical tools and methods.

Furthermore, the study of R-complex Finsler spaces, where scalar constraints are re-
stricted to the real field λ ∈ R, introduces additional complexity in understanding the in-
terplay between complex structures and cubic-type deformations. The determination of
metric tensors, their inverses, and the conditions for non-Hermitian characteristics in this
setting remains a largely unexplored area.

In view of these open problems, the present thesis investigates the differential geometry
of Finsler spaces equipped with special metrics. The work aims to establish necessary and
sufficient conditions for projective and conformal changes, classify special Finsler spaces
through curvature conditions, and extend the geometric framework to multi-form and com-
plex Finsler structures, thereby contributing to a deeper and more complete understanding
of modern Finsler geometry.

4 Objective and Scope of work
The main aim and scope of this research involves the study of geometric properties of
Finsler spaces equipped with special (α,β )-metrics, with particular emphasis on projective
transformations, curvature properties, and the classification of special Finsler spaces such
as Berwald spaces, Douglas spaces, weakly Berwald spaces.

• To study the geometric properties of Finsler spaces under projective change and the
concept of projectively flat Finsler spaces with the cubic metric F = (α+β )3

α2 , the

square root metric F =
√

α(α +β ), and the Kropina metric F̃ = α̃2

β̃
, and to de-

rive necessary and sufficient conditions for projective correspondence, isotropic S-
curvature, and isotropic Berwald curvature.

• To introduce and study a new class of exponential (α,β )-metric F = αe
β

α +βe
−β

α

and to determine the necessary and sufficient conditions under which it defines a
Berwald space, a Douglas space and a weakly Berwald space, and further to examine
its locally dually flat and projectively flat properties in the presence of isotropic S-
curvature.

• To investigate the curvature properties of the cubic metric and the generalized Mat-
sumoto metric, specifically to establish conditions for locally projectively flat struc-
tures under constant Ricci curvature, vanishing flag curvature K = 0, and to prove
the conditions under which these metrics are locally Minkowskian.

• To extend the classical (α,β )-framework to a broader class of Finsler metrics de-
pending on a Riemannian metric α together with two differential 1-forms β = bi(x)yi

and γ = di(x)yi, to derive their spray coefficients and Cartan connection, and to
establish conditions for projective correspondence and Douglas–type classification,
thereby generating novel Douglas metrics in the setting of multi-form Finsler mani-
folds.

• To study the S-curvature and Mean Berwald curvature for a class of homogeneous
exponential (α,β )- metrics and to derive explicit analytical formulas for the rate of
change of distortion along geodesics, thereby providing a complete characterization
of the average Berwald curvature.
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• To investigate the geometric structure of R-complex Finsler spaces with cubic-type
metrics, including the rigorous derivation of fundamental metric tensors, their deter-
minants and inverses, and to establish conditions for non-Hermitian characteristics,
providing a complete analytical profile of the interplay between complex structures
and cubic-type metrics.

• To introduce and analyze a new class of Kropina–Randers type Finsler metrics con-
structed from a Riemannian metric ρ =

√
ai j(x)yiy j together with two differential

1-forms β = bi(x)yi and η = ηi(x)yi, and to determine the necessary and sufficient
conditions under which they are locally projectively flat and of Douglas type.

5 Original contribution by the Thesis
The present thesis makes several original contributions to the theory of Finsler geometry
in the areas of projective transformations, curvature theory, and classification of special
Finsler spaces. The main contributions are summarized as follows.

Contribution 1: We study the projective change between the cubic metric F = (α+β )3

α2 to

Kropina metric F̃ = α̃2

β̃
and square root metric F =

√
α(α +β ) to Kropina metric F̃ = α̃2

β̃
.

We find the necessary and sufficient conditions for projective transformation and we obtain
explicit conditions for isotropic S-curvature and isotropic Berwald curvature.

Contribution 2: We introduce a new exponential (α,β )-metric F = αe
β

α + βe
−β

α and
study its geometric structure in detail. We find the necessary and sufficient conditions
under which this metric defines a Berwald space, a Douglas space, and a weakly Berwald
space.

Contribution 3: We investigate the curvature properties of the cubic metric and the gen-
eralized Matsumoto metric under constant Ricci curvature. We obtain original results on
locally projectively flat structures and we derive the conditions under which these metrics
admit vanishing flag curvature K = 0.

Contribution 4: We study the locally dually flat and projectively flat properties of cubic
and exponential (α,β )-metrics in the presence of isotropic S-curvature. We prove the
necessary and sufficient conditions under which these metrics are locally Minkowskian
and we obtain their associated curvature invariants.

Contribution 5: We extend the classical (α,β )-framework to a broader class of metrics
involving two differential 1-forms β = bi(x)yi and γ = di(x)yi. We derive the spray co-
efficients and Cartan connection for this class and we find that this framework generates
numerous novel Douglas metrics.

Contribution 6: We study the S-curvature and Mean Berwald curvature of a class of ho-
mogeneous exponential (α,β )-metrics. We derive an explicit analytical formula for the
rate of change of distortion along geodesics and we obtain a complete characterization of
the average Berwald curvature.

Contribution 7: We investigate the R-complex Finsler spaces with cubic-type metrics
restricted to the real field λ ∈ R. We derive the fundamental metric tensors, their determi-
nants and inverses, and we find the necessary conditions for non-Hermitian characteristics
in this setting.

Contribution 8: We introduce a new class of Kropina–Randers-type metrics constructed
from ρ =

√
ai j(x)yiy j with two differential 1-forms β = bi(x)yi and η = ηi(x)yi. We find
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the necessary and sufficient conditions under which these metrics are locally projectively
flat and we obtain their Douglas-type classification.

The results obtained in this thesis have been compiled into research papers published
or communicated in peer-reviewed journals, and we believe these findings open new and
promising directions for further research in modern Finsler geometry.

6 Methodology of Research and Result discussion
Let Fn = (M,F(α,β )) represent an n-dimensional Finsler space and Rn = (M,α) represent
the corresponding Riemannian space, where α =

√
ai j(x)yiy j. Let γ i

jk be the Christoffel
symbols with respect to α , and the covariant differentiation with respect to γ i

jk be is denoted
by (;). From the differential 1-form β (x,y) = bi(x)yi, we define

2ri j = bi; j +b j;i, 2si j = bi; j −b j;i = (∂ jbi −∂ib j),

si
j = airsr j, bi = airbr, b2 = arsbrbs.

6.1 Introduction
The introductory chapter provides the background and significance of the study. It also
highlights the objectives and presents the overall framework of the thesis.

6.2 On a Special Finsler (α,β )-metric
To obtain the conditions for projective change and projectively flat Finsler spaces with
(α,β )-metrics, we have employed the following results:

Projective transformation between Cubic (α,β )-metric and Kropina-metric

Proposition 2 Let F =
(α +β )3

α2 be a cubic (α,β )-metric and F̃ =
α̃2

β̃
be a Kropina

metric on a manifold M with dimension n ≥ 3, where α and α̃ are two Riemannian metrics,
β and β̃ are two non-zero 1-forms. The Finsler metrics F and F̃ have same Douglas tensor
if and only if both are Douglas metrics.

Theorem 3 Let F =
(α +β )3

α2 and F̃ =
α̃2

β̃
be two (α,β )-metrics on a manifold M with

dimension n > 2, where α and α̃ are two Riemannian metrics, β = biyi and β̃ are two
non-zero colinear 1-forms. Then F is projectively related to F̃ if and only if the following
relations hold:

(i) Gi
α = G̃i

α̃
+

1
2b̃2

[
α̃2s̃i + ˜r00b̃i]+θyi − τα2((1+6b2)α2 −8β 2)bi

α2 −αβ −8β 2 +6b2α2 ,

(ii) bi| j =
τ

3
{
(1+6b2)ai j −8bib j

}
,

(iii) s̃i j =
1
b̃2

[
b̃is̃ j − b̃ j s̃i

]
,
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Corollary 4 Consider two (α,β )-metrics F =
(α +β )3

α2 and F̃ =
α̃2

β̃
on an n-dimension

manifold M with n > 2. Then F is projectively related to F̃ if and only if they are Douglas
metrics and the spray coefficients of α and α̃ have the following relation

Gi
α = G̃i

α̃ +
1

2b̃2

[
α̃

2s̃i + ˜r00b̃i]+θyi − τα2((1+6b2)α2 −8β 2)bi

α2 −αβ −8β 2 +6b2α2 , (6)

where b̃i := ãi jb̃ j, τ = τ(x) is a scalar function and θ = θiyi is a 1-form on M.

Projective change with curvature properties of Cubic (α,β )-metric

Theorem 5 Let F =
(α +β )3

α2 and F̃ =
α̃2

β̃
be two (α,β )-metrics on a manifold M with

dimension n > 2, where α and α̃ are two Riemannian metrics, β = biyi and β̃ are two
non-zero 1-forms. Suppose that F has isotropic S-curvature. Then F is projectively related
to F̃ if and only if the following conditions hold:

(i) Gi
α = G̃i

α̃
+

1
2b̃2

[
α̃2s̃i + r̃00b̃i]+θyi;

(ii) β is parallel with respect to α , that is, bi| j = 0;

(iii) s̃i j =
1

b̃2

[
b̃is̃ j − b̃ j s̃i

]
, where bi| j denote the coefficients of the covariant derivatives

of β with respect to α and b̃i := ãi jb̃ j, b̃ := ||β̃ ||α̃ and θ = θiyi is a 1-form on M.

Theorem 6 Let F =
(α +β )3

α2 and F̃ =
α̃2

β̃
be two (α,β )-metrics on a manifold M with

dimension n > 2, where α and α̃ are two Riemannian metrics, β = biyi and β̃ are two
non-zero 1-forms. Let us Suppose that the Finsler metric F possesses isotropic Berwald
curvature. Then F is projectively related to F̃ if and only if the following requirements are
satisfied:

1. Gi
α = G̃i

α̃
+

1
2b̃2

[
α̃2s̃i + r̃00b̃i]+θyi;

2. β is parallel with respect to α , that is, bi| j = 0;

3. s̃i j =
1

b̃2

[
b̃is̃ j − b̃ j s̃i

]
, where bi| j denote the coefficients of the covariant derivatives

of β with respect to α and b̃i := ãi jb̃ j, b̃ := ||β̃ ||α̃ and θ = θiyi is a 1-form on M.

Theorem 7 Let F =
(α +β )3

α2 be projectively equivalent to F̃ =
α̃2

β̃
and F̃ has isotropic

Berwald curvature. Then F has isotopic Berwald curvature if and only if F has isotropic
S-curvature.
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Theorem 8 Let F =
(α +β )3

α2 be projectively equivalent to F̃ =
α̃2

β̃
and F has isotropic

Berwald curvature. Then F̃ has isotropic Berwald curvature if and only if F̃ has isotropic
S-curvature.

Projective transformation between Square root-metric and Kropina-metric

Proposition 9 Let F =
√

α(α +β ) be a square root (α,β )-metric and F̃ =
α̃2

β̃
be a

Kropina metric on a manifold M with dimension n ≥ 3, where α and α̃ are two Rieman-
nian metrics, β and β̃ are two non-zero 1-forms. The Finsler metrics F and F̃ have same
Douglas tensor if and only if both are Douglas metrics.

Theorem 10 Let F =
√

α(α +β ) be a square root-metric and F̃ =
α̃2

β̃
be a Kropina met-

ric on a manifold M with dimension n ≥ 3, where α and α̃ are two Riemannian metrics,
β and β̃ are two non-zero 1-forms. Then F is projectively related to F̃ if and only if the
following relations hold:

(i) Gi
α = G̃i

α̃
+

1
2b̃2

[
α̃2s̃i + ˜r00b̃i]+θyi − 2τα2((3β 2 − (b2 −4)α2)bi

6β 2 +12αβ +8α2 −2b2α2 ,

(ii) bi| j = 2τ
{
(b2 −4)ai j −3bib j

}
,

(iii) s̃i j =
1
b̃2

[
b̃is̃ j − b̃ j s̃i

]
,

Corollary 11 Let F =
√

α(α +β ) and F̃ =
α̃2

β̃
be two (α,β )-metrics on a manifold M

with dimension n > 2, where α and α̃ are two Riemannian metrics, β = biyi and β̃ are
two non-zero 1-forms. Then F is projectively related to F̃ if and only if they are Douglas
metrics and the spray coefficients of α and α̃ have the following relation

Gi
α = G̃i

α̃ +
1

2b̃2

[
α̃

2s̃i + ˜r00b̃i]+θyi − 2τα2((3β 2 − (b2 −4)α2)bi

6β 2 +12αβ +8α2 −2b2α2 , (7)

where b̃i := ãi jb̃ j, τ = τ(x) is a scalar function and θ = θiyi is a 1-form on M.

Projective change with curvature properties of Square root metric

Theorem 12 Let F =
√

α(α +β ) and F̃ =
α̃2

β̃
be two (α,β )-metrics on a manifold M

with dimension n > 2, where α and α̃ are two Riemannian metrics, β = biyi and β̃ are two
non-zero 1-forms. Suppose that F has isotropic S-curvature. Then F is projectively related
to F̃ if and only if the following conditions hold:

12



(i) Gi
α = G̃i

α̃
+

1
2b̃2

[
α̃2s̃i + r̃00b̃i]+θyi;

(ii) β is parallel with respect to α , that is, bi| j = 0;

(iii) s̃i j =
1

b̃2

[
b̃is̃ j − b̃ j s̃i

]
, where bi| j denote the coefficients of the covariant derivatives

of β with respect to α and b̃i := ãi jb̃ j, b̃ := ||β̃ ||α̃ and θ = θiyi is a 1-form on M.

Theorem 13 Let F =
√

α(α +β ) and F̃ =
α̃2

β̃
be two (α,β )-metrics on a manifold M

with dimension n > 2, where α and α̃ are two Riemannian metrics, β = biyi and β̃ are two
non-zero 1-forms. Suppose that F has isotropic Berwald curvature. Then F is projectively
related to F̃ if and only if the following conditions hold:

1. Gi
α = G̃i

α̃
+

1
2b̃2

[
α̃2s̃i + r̃00b̃i]+θyi;

2. β is parallel with respect to α , that is, bi| j = 0;

3. s̃i j =
1

b̃2

[
b̃is̃ j − b̃ j s̃i

]
, where bi| j denote the coefficients of the covariant derivatives

of β with respect to α and b̃i := ãi jb̃ j, b̃ := ||β̃ ||α̃ and θ = θiyi is a 1-form on M.

Theorem 14 Let F =
√

α(α +β ) be projectively equivalent to F̃ =
α̃2

β̃
and F̃ has isotropic

Berwald curvature. Then F has isotopic Berwald curvature if and only if F has isotropic
S-curvature.

Theorem 15 Let F =
√

α(α +β ) be projectively equivalent to F̃ =
α̃2

β̃
and F has isotropic

Berwald curvature. Then F̃ has isotropic Berwald curvature if and only if F̃ has isotropic
S-curvature.

6.3 Finser space with (α,β )-metric

We find the conditions under which the Finsler space characterized by the exponential-
metric

F(α,β ) = αe
β

α +βe−
β

α (8)

defines a Berwald space, a Douglas space, and a weakly Berwald space.

The condition to be a Berwald space

Theorem 16 A Finsler space with an exponential (α,β )-metric F(α,β ) = αe
β

α +βe−
β

α

is a Berwald space if and only if bi; j = 0.

13



The condition to be a Douglas space

Theorem 17 An n-dimensional Finsler space Fn with an exponential (α,β )-metric F(α,β )=

αe
β

α +βe−
β

α is a Douglas space, if and only if

1. α2 ≇ 0(modβ ) : b j;i = 0.

2. α2 ∼= 0(modβ ) : n = 2 and b j;i = 0, where α2 = βδ , δ = di(x)yi and k = k(x).

Theorem 18 If an n-dimensional Finsler space Fn with an exponential (α,β )-metric F(α,β )=

αe
β

α +βe−
β

α is a Douglas space, then Fn is a Berwald space.

The Condition to be a Weakly-Berwald space

Theorem 19 A Finsler space endowed with the metric (8) is weakly Berwald space if and
only if the following are satisfied;
(1) α2 ≇ 0 (mod β ), which yields ri j = 0 and s j = 0.
(2) α2 ∼= 0 (mod β ) indicates that n=2, b2 = 0, and ri j = 0,s j = 0 are pleased, where
α2 = βδ ,δ = diyi.

6.4 Projectively Flat of Finsler-metric with constant flag curvature
The objective of this research is to derive the conditions under which generalized Mat-
sumoto and cubic (α,β )-metrics are projectively flat with zero flag curvature.

Lemma 20 For a Projectively flat cubic (α,β )-metric F =
(α +β )3

α2 , Di is given by,

Di =
{(r00P2 + s0P3)yi +(r00P4 + s0P5)Bi + siP6}

P1
. (9)

Theorem 21 The S-curvature of Projectively flat cubic (α,β )-metric is given by,

S = (n+1)

{
{(r00P2 + s0P3)+(ri0P

′
4 + ki00P

′
5)B

i +Ki
i0P

′
6}

P1
−d p(y)

}
, (10)

where p := ln
√

1−||β ||2.

Projectively Flat Cubic (α,β )-metric with K = 0

Theorem 22 Let F =
(α +β )3

α2 be a locally projectively flat cubic (α,β )-metric, suppose

that F has constant Ricci curvature Ric = (n−1)λF2, then
(a) F has flag curvature K = λ = 0,
(b) α has curvature K̄ = µ = 0.

Theorem 23 If F =
(α +β )3

α2 is locally projectively flat cubic (α,β )-metric, then F is lo-
cally Minkowskian.
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Geometric Equations for the Projectively Flat Generalized Matsumoto Metric

Lemma 24 For a projectively generalized Matsumoto metric F = αm+1

(α−β )m , Di is given by,

Di =
(A1r00 +A2s0)yi +(B2r00 +B3s0)Bi +B4si

B5
. (11)

Theorem 25 The S-curvature of projectively flat generalized Matsumoto metric is pro-
vided by,

S = (n+1)

(A1r00 +A2s0)+
(

B
′
2ri0 +B

′
3ki00

)
Bi +B

′
4ki

i0

B5
−d p(y)

 , (12)

where p := ln
√

1−||β ||2.

Projectively Flat Generalized Matsumoto Metric with K = 0

Theorem 26 Let F = αm+1

(α−β )m be a locally projectively flat generalized Matsumoto metric.

Assume that F has constant Ricci curvature Ric = (n−1)λF2, then
(a) F has Flag curvature K = λ = 0,
(b) α has curvature K̄ = µ = 0.

Theorem 27 If F = αm+1

(α−β )m is locally Projectively flat generalized Matsumoto metric, then
F is locally Minkowskian.

6.5 Locally dually flatness properties in Finsler (α,β )-Metrics
In this present section, we obtained the criteria for a non-Riemannian cubic (α,β )-metric
and exponential-metric to be locally dually flat and projectively flat, and we characterized
these conditions using isotropic S-curvature.

Characterization of Locally Dually Flat Cubic (α,β )- Metric

Theorem 28 The cubic (α,β )-metric on an n-dimensional manifold M (n ≥ 3) is locally
dually flat if and only if the following conditions are came together.

1. sl0 =
1
3
(βθl −θbl);

2. r00 =
2
3

θβ +

[
τ +

2
3
(b2τ −θlbl)

]
α2 +

1
3
(13+90b2)τβ 2;

3. Gl
α =

1
3
[2θ +43τβ ]yl +

1
3
(θ lτbl)α2 −15τβ 2bl .
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Theorem 29 Let F be a cubic (α,β )-metric of non-Randers type defined on an n-dimensional
manifold M, where n ≥ 3. Assume further that F has an isotropic S-curvature of the form
S = (n+1)cF, where c = c(x) is a scalar function that depends only on position, and that
F is locally dually flat. When expressed in an adapted coordinate system, it follows that F
is locally projectively flat under these circumstances. Furthermore, the spray coefficients
satisfy Gi = 0.

Theorem 30 Consider a non-Riemannian cubic (α,β )-metric F on an n-dimensional man-
ifold M, where n ≥ 3. If F is locally dually flat and admits isotropic S-curvature, the
condition S = (n+ 1)cF, where c = c(x) is a scalar function, holds only if F is locally
Minkowskian.

Characterization of Locally Dually Flat Exponential-Metric

Theorem 31 The indispensable and adequate conditions for an exponential (α,β )-metric
to be locally dually flat on a n-dimensional manifold (n ≥ 3) are stated as follows:

1. sl0 =
1
3
(βθl −θbl);

2. r00 =
2
3

θβ +

[
τ +

2
3
(b2τ −θlbl)

]
α2 +

1
12

(−56−159b2)τβ 2;

3. Gl
α = 1

3(2θ +7τβ )yl + 1
3(θ

lτbl)α2 +
53
8

τβ 2bl .

Theorem 32 If F non-Randers type exponential (α,β )-metric on n-dimensional manifold
M (n ≥ 3) and locally dually flat with isotropic S curvatures S = (n+ 1)cF, then F is a
locally projectively flat in adapted coordinate system and Gi = 0.

Theorem 33 If F non-Riemannian exponential (α,β )-metric on n-dimensional manifold
M (n ≥ 3) and locally dually flat with isotropic S curvature then S = (n+ 1)cF iff the
structure is locally Minkowskian.

6.6 A new class of Finsler metrics
This Section demonstrates how to create a new type of Finsler metrics that aren’t always
(α,β )-metrics. The metrics mentioned above are determined by a Riemannian metric and
two 1-forms, β = bi(x)yi and γ = di(x)yi. We also receive a variety of results when em-
ploying this form of Finsler metric.

Theorem 34 An (F,β )-metric of the form F̃ = (α + γ)φ(s), is projectively flat if and only
if the following condition is satisfied:


2
{

1+2s−ρ

(1+s)2

}{(
air +

2Yrdiα
2−YiYrγ

α3 + Yidr
α

+didr

)
−
(

Yi
α
+di

)(Yr
α
+dr

)}
Gr − 2(α+γ)si0

(1+s)2 +

2(bi−s(Yi
α
+di))((1+2s−ρ)r00+2(α+γ)s0)

(1+s)2((1+2s−ρ)(1+s)+2(b2−s2))
= 0.

(13)
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Corollary 35 Let F = m
√

A with (m > 3) be an m-th root Finsler metric defined on an
open subset U ⊂ Rn, where A is an irreducible function. Consider the Matsumoto type
(F,β )-metric given by

F̃ = F
(

1
1+ β

F

)
with β = bi(x)yi. Then F̃ is locally projectively flat if and only if the following condition
holds:



−m(m−1)
(1+s)5

[(
(1+2s−ρ)(1+ s)+2(b2 − s2)

)
(1+2s)

]
yiA0A1− 4

m + m
(1+s)5

[(
(1+2s−ρ)(1+ s)+2(b2 − s2)

)
(1+2s)

]
(A0i −Axi)A1− 2

m − 2
(1+s)5

[(
(1+2s−ρ)(1+ s)+2(b2 − s2)

)
si0

−2s0

(
bi − s(Yi

α
+di)

)]
A

1
m +

2(1+2s)(bi−s(Yi
α
+di))r00

(1+s)5 = 0.

Theorem 36 Let (M,F) be a Douglas space. A Matsumoto type (F,β )-metric F̃ = (α +

γ)φ
(

β

F

)
, where bi is the h-vector, is Douglas if and only if the following condition holds:

{
H i j =

(
−(α+γ)
1+2s−ρ

)(
si

0y j − s j
0yi

)
+
[
(1+2s−ρ)r00+2(α+γ)s0

λ (1+s)3(1+2s−ρ)

]{
br − s(Yr

α
+dr)

}(
biy j −b jyi) . (14)

Matsumoto type (F,β )-metrics

Lemma 37 For Finsler metric F =α+γ and 1-form β = biyi with h-vector bi on manifold
M with ||β ||F < b0. F̃ = Fφ(s) is a Finsler metric if and only if the positive C∞ function
φ(s) = 1

1+s satisfies

1+2s−ρ

(1+ s)2 > 0,
(1+2s−ρ)(1+ s)+2(b2 − s2)

(1+ s)3 > 0, (15)

when n ≥ 3 or (1+2s−ρ)(1+s)+2(b2−s2)

(1+s)3 > 0, when n = 2, where s = β

F and b are arbitrary

numbers with |s| ≤ b < b0.

Corollary 38 Let M be an n-dimensional manifold. For Finsler metric F = α + γ and
1-form β = biyi with ||β ||F < b0. F̃ = (α + γ)

( 1
1+s

)
is a Matsumoto type Finsler metric if

and only if the positive C∞ function satisfies 1
1+s +

s
(1+s)2 > 0. 1

1+s +
s

(1+s)2 +
2(b2−s2)
(1+s)3 > 0;

when n ≥ 3, or 1
1+s +

s
(1+s)2 +

2(b2−s2)
(1+s)3 > 0, when n = 2, s and b are arbitrary number.

Spray coefficients of Matsumoto type (F,β )-metrics

Lemma 39 The system of algebric equations

(i)
{(

1+2s−ρ

(1+s)2

)(
airα2−air

α3

)
+ 2

(1+s)3(α+γ)

(
bi − s(Yi

α
+di)

)
(
br − s(Yr

α
+dr)

)}
Ar = Bi
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(ii)
{

1
1+s(

Yr
α
+dr)− 1

(1+s)2

(
br − s(Yr

α
+dr)

)}
Ar = B,

has a single approach Ar for given B and Bi such that Biyi = 0. The approach is provided by

Ai = (α+γ)(1+s)2

1+2s−ρ
Bi +(1+ s)

(
B+ (α+γ)Brbr

λ (1+s)2

)
li + −2(α+γ)Brbrmi

(1+s)(1+2s−ρ)λ ,

where Bi = gilBl , li = gilli and mi = gilml .

Theorem 40 Let F̃ be a Matsumoto type (F,β )-metric with h-vector bi. Then the spray
coefficients of F̃ are given by 2G̃i = 2Gi − 2(α+γ)

1+2s−ρ
si

0 +
2bi{(1+2s−ρ)r00+2(α+γ)s0}

(1+s)3(1+2s−ρ)λ

+
{

−(1+4s−ρ)((1+2s−ρ)r00+2(α+γ)s0)
(1+s)3(1+2s−ρ)λ

}
li

(16)

Corollary 41 Let F̃ be a Matsumoto type (F,β )-metric. Then the spray coefficients of F̃
are given by  2G̃i = 2Gi − 2(α+γ)

1+2s si
0 +

{
(−1−4s)((1+2s)r00+2(α+γ)s0)

(1+3s+2b2)(1+2s)

}
li

+2bi{(1+2s)r00+2(α+γ)s0}
(1+3s+2b2)(1+2s)

(17)

Cartan connection of Matsumoto type (F,β )-metrics


C̄i

jk =Ci
jk +

η
′

2ηF hi
jk +

η
′
0

2ηF mim jmk − 1
2ηF

{
( 2ρη +η

′
(b2 − s2))h jk+

(2η
′
+η

′
0(b

2 − s2))m jmk

}{(
δ̄

1+δ̄b2 +
µ̄λ̄ 2

1+µ̄Ȳ 2

)
bi + µ̄λ̄ 2

1+µ̄Ȳ 2 li
}
.

(18)

 N̄i
j = Ni

j +
(α+γ)(1+s)2

1+2s−ρ
Qi

j +(s+1)li
(

Q j +
(α+γ)Qr jbr

λ (1+s)2

)
− 2(α+γ)(Qr jbrmi)

λ (1+s)(1+2s−ρ) .
(19)

 Γ̄i
jk = Γi

jk +
(
(α+γ)(1+s)2

1+2s−ρ

)
Mi

jk +(s+1)
(

M jk +
(α+γ)Mr jkbr

λ (1+s)2

)
li

− 2(α+γ)Mr jkbrmi

λ (1+2s−ρ)(1+s) .
(20)

Theorem 42 Let CΓ̄=(Γ̄i
jk, N̄

i
j,C̄

i
jk) be the Cartan connection for the Finsler space (M, F̃).

Hence, the Cartan connection is entirely defined by the equations (18), (19) and (20) .

Lemma 43 [12] Let F = m
√

A (m > 2,m ̸= 5), be an m-th root Finsler metric on an open
subset U ⊂ Rn. Suppose that the equation ψA1−−4

m +ΩA1− 2
m +ΘA

1
m = 0 holds, where ψ,Ω

and Θ are homogeneous polynomials in y. Then ψ = Ω = Θ = 0.

18



6.7 Curvatures on homogeneous Finsler space with Finsler metrics
Theorem 44 Consider a reductive Homogeneous Finsle Space represented as G/H, where
the Lie algebra decomposes as g = h+m. The G-invariant exponential (α,β )-metric is

expressed as F = αe
β

α +βe
−β

α . The S-curvature is determined by this metric.

S(H,y) =
ξ1

ξ2

(
< [v,y]m,y >

α
+

eu + e−u −ue−u

eu −ueu +u2e−u (< [v,y]m,v >)

)
. (21)

Corollary 45 Let (G/H,F) represent a homogeneous generalized Matsumoto-Metric un-
der conditions similar to those stated in Theorem 44. A homogeneous generalized Matsumoto-
Metric exhibits isotropic S-curvature if and only if the S-curvature of F is equal to zero.

Mean Berwald Curvature

Theorem 46 Let (G/H,F) be a reductive homogeneous Finsler Space with decomposition

of Lie algebra g= h+m, and F =αe
β

α +βe
−β

α be a G-invariant exponential (α,β )-metric.
Then Mean Berwald Curvature is given by



Ei, j(H,y) =
1
2

[
∂

∂yi

(
1
α

∂Ω

∂y j −
Ω

α2
y j

α

)
< [v,y]m,y >+

Ω

α

(
< [v,v j]m,y >+< [v,y]m,v j >

)
=

(
1
α

Ωi j −
yi

α3 Ω j −
y j

α3 Ωi −
Ω

α3 δ
j

i +
3Ω

α5 yiy j

)
< [v,y]m,y >+

(
1
α

Ω j −
Ωy j

α3

)
(< [v,vi]m,y >+< [v,y]m,vi >)+

(
1
α

Ωi −
Ωyi

α3

)
(
< [v,v j]m,y >+< [v,y]m,v j >

)
+

Ω

α

(
< [v,v j]m,vi >+< [v,vi]m,v j >

)
+

{
(

eu + e−u −ue−u

eu −ueu +u2e−u )Ωi j +(
e2u +2u−2−2ue−2u +u2e−2u

(eu −ueu +u2e−u)2 )Ω juyi

+Ωi(
e2u +2u−2−2ue−2u +u2e−2u

(eu −ueu +u2e−u)2 )uy j +Ωuyiy j(
e2u +2u−2−2ue−2u +u2e−2u

(eu −ueu +u2e−u)2 )

+Ωuy juyi
A1

A2

}
< [v,y]m,v >+

{
(

eu + e−u −ue−u

eu −ueu +u2e−u )Ωi +(
e2u +2u−2−2ue−2u +u2e−2u

(eu −ueu +u2e−u)2 )

uyiΩ

}
< [v,v j]m,v >+

{
(

eu + e−u −ue−u

eu −ueu +u2e−u )Ω j +Ω(
e2u +2u−2−2ue−2u +u2e−2u

(eu −ueu +u2e−u)2 )uy j
}

< [v,vi]m,v >

]
.

(22)

6.8 On R-complex Finsler space with Special Finsler metrics
Theorem 47 The invariants of R-complex Finsler space with cubic (α,β )-metric: ρ0,ρ1,ρ−2,ρ−1
and µ0 are given by:

ρ0 =
1
2

α−1Lα =
1

2α6

(
6α(α +β )5 −4(α +β )6),
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ρ1 =
1
2

Lβ =
3(α +β )5

α4 ,

ρ−2 =
αLαα −Lα

4α3 =
−27α(α +β )5 +15α2(α +β )4 +12(α +β )6

2α8 ,

ρ−1 =
Lαβ

4α
=

30α(α +β )4 −24(α +β )5

4α6 ,

µ0 =
Lββ

4
=

30(α +β )4

4α4 .

Subscripts 0, 1, -2, -1 and 0 gives us the degree of homogeneity of these invariants.

Fundamental tensor of R-Complex Finsler space with Cubic (α,β )-metric

Theorem 48 For a non-Hermitian R-Complex Finsler space with cubic (α,β )-metric F =
(α +β )3

α2 , following identities holds good:

1. The contravarient tensor g̃i j of the fundamental tensor g̃i j is:

g̃ ji =
2α6

(6α(α +β )5 −4(α +β )6)
a ji +A1η iη j +A2(biη j +b jη i)+A3bib j +

A4

A5
,

2. det(ai j+
−3αβ +12β 2

α2(2α2 −2αβ −4β 2)
lil j +

15α2

2α2 −2αβ −4β 2 bib j+
3α −12β

2α2 −2αβ −4β 2 ηiη j)

= [1+(γ(1+ γk1 + εk2)+ ε(
r7

r8
+

r9

r10
))

√
3α −12β

2α2 −2αβ −4β 2 )]

×[1+ω+
(−3αβ +12β 2)ε2

2α4 −2α3β −4α2β 2 +(−3αβ +12β 2)γ
]×(1+2α4−2α3β −4α2β 2+

(−3αβ +12β 2)γ)det(ai j).

Proposition 49 In a non-Hermitian R-complex Finsler space with cubic (α,β )-metric fol-
lowing properties hols good:

γ + γ̄ = liη i + l j̄η
j̄ = ai jη

j
η

i +a j̄k̄η
k̄
η

j̄ = 2α
2, (23)

ε + ε̄ = b jη
j +b j̄η

j̄ = 2β , δ = ε, (24)

where,

li = ai jη
j, ηi =

1
2α6

(
6α(α +β )5 −4(α +β )6)ai jη

i +
3(α +β )5

α4 bi,

γ = a jkη jηk = lkηk, ε = b jη
j, bk = a jkb j, bl = bkakl , δ = a jkη jbk = lkbk, l j = a jlli = η j.

6.9 On (ρ,β ,η)-metrics with Kropina – Rander changes
Proposition 50 The fundamental tensor for an (ρ,β ,η)-metric for a Kropina-Randers
Change can be also represented as follows:


gi j = σ

{
ai j +δ1bib j +δ2ηiη j +δ0(bi +ηi)(b j +η j)+

σ2

σ
(ρi +

σ1

σ2
bi +

σ̄1

σ2
ηi)

(ρ j +
σ1

σ2
b j +

σ̄1

σ2
η j)

}
.
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Where,

σ = (1
u + ū)(2

u), σ1 =
−4
u3 − 2ū

u2 , σ2 =
4
u2 , σ̄1 =

2
u , δ0 =

u2

2(1+uū)(
−1
u2 − −2(−4−2uū)

4u2 ),

δ1 =
u2

2(1+uū)(
3u+2ū

u4 − (−4−2uū)2

4u4 )− u2

2(1+uū)(
−1
u2 −

2(−4−2uū)
4u2 ), δ2 =

−u2

2(1+uū)(
−1
u2 −

2(−4−2uū)
4u2 ).

Proposition 51 Let M symbolize an n-dimensional manifold. A Finsler metric F is defined
as F = ρΘ(s, ū), where Θ(u, ū) = 1

u + ū, with u = β

ρ
and ū = η

ρ
. This metric applies to

Riemannian ρ and 1-forms β = biyi and η = ηiyi under the conditions that ||β ||ρ < c1
and ||η ||ρ < c2. The condition θ − uū ≥ 0 is only valid if the corresponding positive C∞

function Θ = Θ(u, ū) is fulfilled.

Θ :=
2
u
> 0, η > 0. (25)

Spray coefficients of F

Lemma 52 The algebraic equation system (i) lirAr = Bi and (ii) lrAr = B has a distinct
solution for Ar when B and Bi are defined, with the condition that Biyi = 0. The solution
may be stated as

Ai = (ρrAr)ρ i +
ρ

Θ
Bi − ρ

ΘΓ
(µ1hi +µ2h̄i), (26)

where,
Bi = ailBl, hi = ailhl, h̄i = ail h̄l and

Θ := 2
u ,

µ1 := ( 2
u3 )Brbr,

µ2 := 0.

Proposition 53 The spray coefficients G i are connected to ρG i

G i = ρG i +
ρ

A
[(
−2
u3ū

)βsi
0
− (

1
u2ū2 )ηsi

0
]+

1
2Γ

[Γ1bi +Γ2η
i +

1
Θ

Γ3ρ
i], (27)

where, 
Γ = 2

u +(b2 −u2) 2
u3 .

Γ1 =
[ 2

u3

]
Rβ ,

Γ2 = 0,
Γ3 =

{−4
u3 − 2ū

u2 +(−2
u3 )(θ −uū)

}
Rβ +

{2
u +

2
u3 (b2 −u2)

}
Rη .

(28)

and

Rβ := βr00 − (ρu)
{
(
−1
u2 )βs0 +ηs̄0

}
;

Rη := ηr00 − (ρu)
{
(
−1
u2 )βs̄0 +ηs0

}
.
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Projectively flat (ρ,β ,η)-metrics

Example 54 We assume a (ρ,β ,η)-metric in the following form: F = ρ2

β
+η , Θ(u, ū) =

1
u + ū. Let c1 > 0 and l1 > 0 be the largest numbers such that

Θ =
2
u
, Γ =

2b2

u3 > 0. |u|< b < c1, |ū|< g < l1. (29)

Lemma 55 An (ρ,β ,η)-metric F = ρΘ(u, ū), where Θ(u, ū) = 1
u + ū, u = β

ρ
and ū = η

ρ
,

is projectively flat on an open subset u ⊆ Rn if and only if

ρhi j
ρG i +

β

2
[−ρ2

β 2 βs j0 +ηs j0

]
+

2ρ6

4b2β 7

[
ββr00 +ρ

2
βs0 −β

2
ηū]

]
h j = 0. (30)

Lemma 56 The (ρ,β ,η)-metric F = ρ2

β
+η is considered to be locally projectively flat if

and only if β is parallel with regard to ρ and η is closed.

Proposition 57 Consider F, the metric introduced in Example 54. We can prove (ρ,β ,η)-
metric F = ρ2

β
+η is Douglas if and only if β is parallel with respect to ρ and η is closed.

6.10 Conclusion
The present thesis has made significant contributions to the differential geometry of Finsler
spaces equipped with special metrics. The major conclusions drawn from this research are
summarized as follows:

• The projective transformation between the cubic (α,β )-metric F = (α+β )3

α2 and the

Kropina metric F̃ = α̃2

β̃
, as well as between the square root metric F =

√
α(α +β )

and the Kropina metric, was established along with their associated S-curvature prop-
erties.

• The exponential (α,β )-metric F = αeβ/α + βe−β/α was analyzed and conditions
for it to be a Berwald space, a Douglas space, and a weakly Berwald space were
determined.

• Locally projectively flat cubic and generalized Matsumoto (α,β )-metrics with con-
stant Ricci curvature were classified, and the existence of such metrics with vanishing
flag curvature (K = 0) was established.

• Conditions under which the cubic (α,β )-metric and the exponential (α,β )-metric
are locally dually flat and projectively flat were derived using isotropic S-curvature.
Explicit formulas for S-curvature and Mean Berwald curvature for the exponential
(α,β )-metric were also obtained.

• A novel class of Finsler metrics extending the traditional (α,β )-framework was in-
troduced by defining F̃ = F2

F+β
, where F = α + γ is a Randers metric. Spray coeffi-

cients and Cartan connection were derived, and necessary and sufficient conditions
for projective correspondence were established, yielding a significant family of new
Douglas metrics.
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• For R-complex Finsler spaces with cubic-type metrics, the fundamental metric ten-
sors g̃i j and g̃i j̃, their determinants, and inverses were completely derived. Condi-
tions for non-Hermitian characteristics were also identified.

• A new Kropina–Randers metric F = ρ2

β
+η involving two 1-forms β and η was in-

troduced. Spray coefficients were derived and conditions for local projective flatness
were established, and the metric was characterized as a Douglas space.

7 Achievements with respect to objectives
The achievements with respect to objectives are summarized as follows:

• Necessary and sufficient conditions for projective transformations between cubic,
square root, and Kropina metrics were derived, including conditions for isotropic
S-curvature and isotropic Berwald curvature.

• A new exponential (α,β )-metric F = αeβ/α + βe−β/α was introduced and con-
ditions for a Berwald space, a Douglas space, and a weakly Berwald space were
established.

• Curvature properties of cubic and generalized Matsumoto metrics were studied under
constant Ricci curvature and conditions for vanishing flag curvature (K = 0) were
obtained.

• Conditions for locally dually flat and projectively flat cubic and exponential (α,β )-
metrics were derived, including criteria for locally Minkowskian classification.

• Finsler geometry was extended to a broader class of two 1-form metrics involving β

and γ . Spray coefficients and Cartan connections were derived, and novel Douglas
metrics were obtained.

• Explicit formulas for S-curvature and Mean Berwald curvature for homogeneous ex-
ponential (α,β )-metrics were derived using the algebraic structure of the underlying
Lie algebra.

• Metric tensors, their determinants, and inverses for R-complex Finsler spaces with
cubic-type metrics were analyzed and conditions for non-Hermitian characteristics
were identified.

• A new Kropina–Randers-type metric constructed from two 1-forms was introduced
and conditions for locally projectively flat and Douglas-type classifications were es-
tablished.
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